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Fig. 1 Solution to the studied problem (schematic).

Z(oo) =0 = P(Z,oo) (lOd)

Thus constants of complementary solutions Af(i=l9 2, 3, 4)
can be evaluated from Eq. (10). Knowing these constants and
particular and complementary solutions, the profiles of Y, Z,
Y' and Z' can be calculated as

(lla)

(lib)

(lie)

(lid)

Z(x) =P(Ztx) + AiCi(Z,x)
i-l

tegrating the equations unnecessarily though the values of Y
and Z are small.

To check the accuracy of the solution for the step size in
parameter (/)/) and independent variable ( x ) , the usual
method of doubling and halving the step size has been used.
The computer time needed for the calculations with x±00 =
±4, AD/ =0.01 and Ax = 0.1 for one value is about 50 sec on
an IBM 360/44.

It can be inferred from the present work that in problems of
the kind treated here where the range of integration is — oo to
oo, the parametric differentiation, a noniterative technique,
along with the artifice of integrating from zero on both sides
to — oo and oo appears to be a powerful technique.
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Z' (x) = P' (Z,x)
Onset of Boiling in

Electrohydrodynamic Spraying

Nonlinear Equations
The nonlinear equations [(7) and (8)] are solved for n\2

and Tn at each nodal point (at each nodal value of x). Runge's
fourth-order method has been used for integration of these
equations. The step size in the parameter is properly chosen so
that the resulting solution is independent of step size to the
desired accuracy. As Runge's fourth-order method goes
through four steps for one increment in parameter step, the
linear equations are to be solved four times to get the solution
of the next value of the parameter.

Table 2 shows the effect of values of infinities on maximum
temperature. Initial profiles (known ones) correspond to the
value of Dj equal to 0.1796X 1014. Variation in the values of
T'/i.max is about 0.03% between infinity values taken as ±4
and ±5. The variation is about 0.3% between ±5 and ±6.
Theoretically speaking, the variation of Tn>m3LX between ±5
and ±6 should be smaller than that between ±4 and ±5, but
because of large roundoff errors due to increased number of
calculations, accuracy in computation is lost and we are in-

Table 2 Effect of values of infinities on maximum temperature a

*-00

-4
-5
-6

*+00

+ 4
+ 5
+ 6

Dj = 0.1796 E14b

5.8379
Dj=0.1814E14 L

5.7736
5.7804
5.7728

11 = 0.1832E14
5.7590
5.7595
5.7352
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I. Introduction

W HEN a high voltage is applied to a liquid surface, the
liquid is often observed to form conical protuberances

that emit a spray consisting of ions and charged droplets. This
phenomenon, called electrohydrodynamic spraying, has been
used commerically in such applications as painting and
printing and has been suggested as a source of particles for
colloid and ion thrustors for space propulsion. Taylor1 has
pointed out that the liquid cone can exist in mechanical
equilibrium, since the increasing electric pressure at the tip is
balanced by the increasing surface tension there.

This high electric field implies some sort of electric
discharge, supplied by a current flow that heats the cone to a
temperature that depends on the thermal and electrical
conductivity of the liquid. An earlier paper2 suggested that
this temperature might be high enough to cause the liquid to
boil, thus ejecting large particles of liquid, which could ac-

5, AD/ =0.01. b0.1796£"14 = 0.1796x 10 14
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count for the numerous charged droplets observed in elec-
trohydrodynamic spraying. This suggestion is explored
further in this paper by comparing the temperature rise
produced by Joule heating to that needed to boil a small
volume of liquid in a vacuum . This temperature will differ
from the usual boiling point, for reasons discussed below.

II. Rate of Formation of Vapor Nuclei
Ordinary concepts of boiling must be discarded when

dealing with the effects of heat in a small liquid cone. In any
liquid placed in a vacuum, for instance, the boiling point of
the liquid will be close to 0 K, and yet many liquids can sit
quietly without boiling under these nonequilibrium con-
ditions, although they may eventually evaporate. Boiling can
occur only if vapor bubbles can form in the liquid and then
grow to macroscopic size. In macroscopic containers, these
bubble nuclei form at the walls from gas trapped in minute
crevices. In a liquid Taylor cone, however, highest tem-
peratures are reached near the tip, far from any solid surface,
so that boiling cannot be initiated in the usual manner.

Boiling that occurs inside a liquid mass requires some other
source of vapor nuclei. These may consist of solid impurities,
ionizing radiation, or, if all else fails, vapor nuclei formed by
the random thermal motion of the molecules, which will
occasionally leave some small region of the liquid, forming a
small bubble. The rate at which bubble nuclei of a given
radius form can be estimated from absolute reaction rate
theory as3

bubble information is approximately r3. Using this value
gives the number of participating atoms as approximately

where nT is the total number of participating atoms, a is the
surface tension of the liquid, r is the radius of the bubble, k is
Boltzman's constant, h is Planck's constant, and T is the
absolute temperature.

It is apparent from this equation that small nuclei are
formed more often than large ones, since the energy of the
new surface is smaller. The number of participating atoms can
vary from one experiment to another, but in most work with
bulk liquids the exact number is not critical, since the ex-
ponential term dominates the calculation. A typical value is
the number of atoms in 1 cc of the liquid.

In electrohydrodynamic spraying, on the other hand, the
volume in which bubble nuclei may form is considerably
smaller than the standard of 1 cc, and this will reduce the rate
of occurrence of these nuclei. For vapor nuclei that form
within a distance r from the apex, the volume available for
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Fig. 1 The temperature needed for explosive boiling as a function of
distance from the tip of the spraying cone.

pAv
(2)

where p is the density, Av is Avogadro's number, and MW is
the molecular weight.

III. The Stability of Vapor Nuclei
Once the vapor nucleus is created, however, its continued

existence is not guaranteed. The surface tension of the in-
terface between the bubble and the liquid acts to compress the
bubble, and return the liquid molecules to the empty space.
This effect is strongest when the area/volume ratio is largest,
i.e., for small bubbles. Onceo the bubble exceeds a critical
radius rc (in the range 10-200A),3 it will continue to grow to
macroscopic size, leading to homogenous boiling. This type
of boiling, unlike ordinary boiling, tends to be explosive,
since vapor nuclei simultaneously form and grow throughout
the entire liquid, not just at the solid surface.

Far from the tip (r> >rc), the rate of formation of critical
nuclei is given by

(MW)\ ha7). (3)

in which the critical radius rc determines the activation energy
in the exponential term.

Near the tip of the cone, however, a bubble smaller than the
critical size for homogenous boiling may still be large enough
to sever the tip from the remainder of the cone, producing
chunks of charged liquids as part of the spray. Thus the
critical size for nuclei produced in the tip is smaller than that
for homogenous boiling. On the other hand, the volume of
the liquid near the tip is very small, and since the number of
vapor nuclei produced depends on the volume available,
vapor nuclei will be produced more infrequently in this
region, compared to the bulk of the cone behind the tip. The
rate at which bubbles large enough to sever the tip are
generated can be estimated as before, if the critical radius rc is
replaced by the smaller distance r which is approximately
equal to the width of the cone at a distance r from the origin.
Using this substitution, the rate is given by

(4)

IV. Calculation of the Boiling Temperature
Once an expression for the rate of formation of critical

nuclei is available, the temperature needed to produce ex-
plosive boiling can be calculated by requiring this rate to be
rapid. In this context, rapid has been defined differently by
different authors,3'4 with typical values ranging 1 sec ~*-101 2

sec ~ l . Setting Eq. (3) equal to an average rate of 106 gives the
temperature needed to produce homogenous boiling at a
distance r from the origin, while using Eq. (4) gives the
temperature needed to sever the tip at the distance r. The
critical boiling temperatures for two common liquids, water
and mercury, are given in Fig. 1 as a function of distance from
the origin. Close to the origin, the boiling temperature is low
because the cone is very thin, and even small nuclei, which are
frequently formed, can sever the tip. Farther from the origin,
larger nuclei must be formed, corresponding to higher
temperatures. Eventually, however, the cone becomes wide
enough to accommodate the nuclei larger than the critical size
for homogenous boiling, and the required temperature then
drops as the available volume increases. Although the nuclei
are unstable, the volume available for their formation is still
much smaller than usual macroscopic amounts (1 mm3-1cm3)
so that the explosive boiling in this small volume occurs at a
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Table 1 The current expected to produce explosive boiling
in a spraying liquid cone

Salt water
Hg
N a -
Cs
K

Cu

rA

(A)

1.45
1.55
1.86
2.62
2.31
1.28

P
/ _ g m \

1.0
13.6
0.92
1.87
0.87
8.9

a
( dyne^
V cm/

70
467
200
70

411
1100

K
watts
cmK

0.006
0.075
0.8
0.19
0.48
1.75

/?x!06

(Q-cm)

1000
98.5
10.2
36.6
13
22

'crit

(MA)

46.7
403
112
757
549

much higher temperature than in a large bulk. Farther back
from the tip, as the volume increases, the boiling temperature
drops to the bulk value of approximately 0.9 Tc,3 where Tc is
the absolute critical temperature of the liquid. From the
figure, it is clear that the lowest temperature for boiling will
occur near the tip of the cone. Also, the temperature in a
spraying cone tends to be highest at the tip, as pointed out in a
previous paper. For both of these reasons we would expect the
discharge to begin with the smallest particles, namely ions. As
the temperature is raised, large pieces of the tip can be severed
by the formation of vapor nuclei, and the discharge will then
contain dimers and trimers in addition to the ions. The
sequence is often observed in practice, as monomers and then
dimers and large particles are emitted as the current increases.
The transition from monomers to dimers would be expected
when the temperature reached the explosive boiling point
several atomic radii from the tip. From the geometry of the
cone it is clear that this distance will be approximately 2rA-
3rA, where rA is the atomic radius.

The discharge current at which the transition to dimer
spraying occurs can be estimated by calculating the current
needed to produce the boiling temperature at the critical
distance from the tip, using the results of Ref. 2. The required
currents, shown in Table 1, were calculated for several of the
liquids of interest in electrohydrodynamic spraying, using an
assumed radius of 2.5 rA. The values for thermal conductivity
K and electrical resistivity R were taken from Ref. 2.

V. Implications for the Selection of Spraying Liquids
Explosive boiling sets a limit on the maximum current and

hence power that can developed in electric spraying without
the formation of larger fluid particles than ions. If this limit is
to be extended, liquids must be selected to lower the rate of
formation of critical vapor nuclei. This rate depends chiefly
on the exponential term,

exp-(4irar2
c/3kT) (5)

To keep this term low, the surface tension should be high,
since this increases the energy threshold for the formation of
vapor nuclei. The atomic radius should be large, since this
requires the formation of a larger bubble to split off the tip of
the cone, and this too increases the activation energy for the
transition.

The temperature of the cone should be kept as low as
possible to keep the thermal energy low. From the results of
Ref. 2, the temperature depends most strongly on the ratio of
material properties R/K, where R is the electrical resistivity
and K is the thermal conductivity. To keep the temperature
low, the liquid chosen should be a good conductor of both
heat and electricity.

Liquid metals obviously are good candidates for this ap-
plication, with large surface tensions, thermal conductivities,
and electrical conductivities. In fact, all the successful ion
beams produced so far have employed liquid metals or alloys
such as NaK, Cs, and Gain. There are still many liquid metals
that have not been tried, however, and the search for superior

spray liquids may well begin with liquid metals with higher
conductivities and surface tension than those used so far.
Copper, for example, has a critical current higher than most
of the other liquids listed in the table, but has not yet been
tried, to the author's knowledge. Other, more exotic metals
and alloys may occur to the interested reader.
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Parabolic-Series Method for Transonic
Wedge Flow

D.D.Liu*
Northrop Corporation, Hawthorne, Calif.

Introduction

L IU and Platzer1 have recently developed two related
approximate methods for transonic wedge flow

calculation in which the flowfield decay in the lateral direction
is prescribed, a priori, by some analytical functions. Both
methods yield reasonably good results in comparison with the
exact theory2 and the method of local linearization.3 The
purpose of this Note is to present an improvement of the
results obtained in Ref. 1, by employing a parabolic-decay
series. Also, we begin with a more general formulation than
that in Ref. 1, yielding equations accounting for the effects of
flowfield correction and surface curvature.

Unlike the source-distribution methods for the linear
theory, the methods in Ref. 1 aim at solving the approximate
nonlinear structure of the near field in the proximity of the
body surface. Thus, method A is essentially an integral
method similar to the Karman-Pohlhausen approach to the
boundary-layer problem; method B directly solves the
asymptotic equation which is related to the so-called method
of series truncation.4 The difference between the latter two
methods is that in method B, the problem of closure (the
number of unknown functions exceeds the number of
equations) is curcumvented by introducing a known decaying
function, a priori, whose dependent variable is a stretched
parabolic coordinate 17 in the lateral direction. Two decaying
functions have been adopted to depict the decay of the flow
disturbance: namely, an algebraic decaying function and an
exponential decaying function, i.e.

a , a>l/2

\>0

(la)

db)

(SeeEqs.2.13(a)and2.13(b)ofRef. 1.)
It was concluded that the choice of these decaying functions

really does not affect the basic form of the solution and hence
the pressure behavior. But the drag coefficient is much more
sensitive to whichever of these functions is chosen. For this
reason, we have investigated a number of other possible forms
of the decaying functions. The decaying function extracted
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